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We discuss the use of rate equations to analyze the sensitization of erbium luminescence by silicon nano-
clusters. In applying the general form of second-order coupled rate-equations to the Si nanocluster-erbium
system, we find that the photoluminescence dynamics cannot be described using a simple rate equation model.
Both rise and fall times exhibit a stretched exponential behavior, which we propose arises from a combination
of a strongly distance-dependent nanocluster-erbium interaction, along with the finite size distribution and
indirect band gap of the silicon nanoclusters. Furthermore, the low fraction of erbium ions that can be excited
nonresonantly is a result of the small number of ions coupled to nanoclusters.
DOI: 10.1103/PhysRevB.77.035318 PACS numbers: 78.67.n, 78.55.m, 33.80.b, 32.80.t
I. INTRODUCTION
The sensitization of erbium luminescence by silicon nano-
clusters in silicon-rich silica SiOx is a promising route to
silicon-based optical sources and amplifiers operating in the
1.55 m wavelength region. Several groups have demon-
strated strong coupling between broad-band absorbing sili-
con nanoclusters and rare-earth ions—an effect that may lead
to the development of efficient broad-band excitable optical
sources.1–5 Significantly, there has been proof-of-principle
demonstration of signal enhancement in an light-emitting-
diode-pumped waveguide amplifier based on this material.6
Understanding and exploiting the sensitization mechanism
relies on the development of an appropriate physical model
for the nanocluster-Er interaction. Conventionally, such mod-
els are expressed as systems of rate equations describing the
populations of the various electronic energy levels in the
coupled system. Although there are inevitably a variety of
assumptions built into such sets of equations, they are nev-
ertheless very useful tools for modeling the optical properties
of the system if they are applied with care.
Rate equations allow various figures of merit to be deter-
mined for luminescent systems—radiative and nonradiative
lifetimes, interaction coefficients, and cross sections being
the most often used. For example, a number of studies have
shown that the sensitized erbium luminescence in the SiOx
system may be characterized by an effective excitation cross
section ef f that takes into account absorption of pump
photons by Si nanoclusters, followed by transfer of excita-
tion to nearby erbium ions.4–9 In this paper, we discuss the
appropriateness of defining an effective cross section and
suggest instead that a transfer coefficient is a more robust
measure of sensitization.
Moreover, many groups have reported that the fraction of
erbium ions that can be excited via the sensitization process
is, in fact, very small—of the order of a few percent.10 Vari-
ous reasons have been put forward for this fraction being so
small, with competing explanations of excited state absorp-
tion causing the nearest neighbor erbium to monopolize the
energy transfer from the nanocrystal,11 strong distance-
dependent interactions,12 and just a low concentration of do-
nor species amongst those proposed.13 A rigorous examina-
tion of the interdependence of the populations of the donor
and acceptor excited states would help shed further light on
the dominance of these various factors and the material
parameters that they might be applicable to.
In this paper, we begin by considering a simplified de-
scription of the system, with both the silicon nanoclusters
and erbium ions treated as quasi-two-level systems. This de-
liberately simplified case allows us to probe the general be-
havior of two coupled species—and the limitations of such
an approach. We compare the predictions with the results of
time-resolved studies of sensitized erbium luminescence, and
we show that these results reflect a more complex behavior
than a simple rate-equation approach predicts. The rise and
fall dynamics of the erbium photoluminescence exhibit a
stretched exponential behavior that reflects a distribution of
time constants in the system. This distribution can be related
to fundamental properties of the silicon nanoclusters—
specifically, their indirect band gap and finite size
distribution—and to the strong distance dependence of the
nanocluster-erbium interaction.
II. GENERAL FORM OF COUPLED RATE EQUATIONS:
TWO-LEVEL SYSTEMS
We initially look at the simplest system of two two-level
systems coupled via an unspecified excitation exchange
process Fig. 1. First, we assume that we have two coupled
processes: the generation of an initial excited state, A*, from
a precursor A donor, and a second excited state, B*, gener-
ated from a precursor B acceptor. Assume that an exchange
of energy between A* and B produces B*. Thus,
A + h→ A*,
A* + B→ A + B*.
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Further, we assume that backtransfer from B* to A does
not occur—in the Si-nc/Er system, this is a reasonable as-
sumption as such processes are not commonly observed un-
der cw excitation conditions due to the energy mismatch be-
tween the A→A* and B→B* transitions, notwithstanding
recent reports of Auger deexcitation in samples in the short
pulse high flux regime.14 Next, we assume that the initial
excitation is optical, with a photon flux  and an absorption
cross section . We further assume that there is a limited
reservoir of initial states, A0. We can write a rate equation for
the generation of A* as
dA*
dt
= A0 − A* −
A*
A
. 1
Note that A is the effective lifetime of A*, which takes into
account radiative and nonradiative decay—including transfer
to B. Solving Eq. 1 for a step excitation pulse gives us
A* =
AA0
A + 1
1 − exp−  + 1
A
t , 2
where the reciprocal rise time of the population of A* is a
linear function of pump photon flux,
1
rA
=  +
1
A
. 3
We note that in integrating Eq. 1 in order to arrive at
Eqs. 2 and 3, A has been assumed to be a constant, which
implies a constant energy transfer to B. This can either be
considered as an approximation or be rigorously justified by
invoking excited state absorption in the transfer process.9
Next, we set up a rate equation to describe the excitation
of B. We shall define a coupling coefficient for the process of
transfer of excitation from A* to B as . In contrast to Eq.
1, in which excitation is provided by photon flux, excitation
arises in this case via transfer from a population of excited
state donors. Thus,
dB*
dt
= A*B0 − B* −
B*
B
. 4
Once again, B is an effective lifetime that includes radiative
and nonradiative contributions. Solving Eq. 4 assuming
that the population of A* reaches a steady state well before
that of B*—a reasonable approximation as the rise time of
B* is typically on the order of a millisecond while that of A*
is 10 s or less—gives us
B* =
BA0AB0
BA0A + A + 1
1 − exp−  AA0
A + 1
+
1
B
t . 5
Note now that the reciprocal rise time of the population of
excited acceptors is nonlinear in ,
1
rB
= 
AA0
A + 1
+
1
B
. 6
We consider what it is about the physics of the problem that
results in the nonlinearity. Because the excitation of B to B*
is a function of the excited state population of donors, the
saturation behavior of A* is “passed on” to the expressions
governing B*. The A term determines the degree of curva-
ture of the function with increasing photon flux, with the
steady state value of the first term saturating at A0. If the
photon flux becomes high enough to be of the order of
−1, the curvature becomes significant, and saturation of
the reciprocal rise time is evident. Note further that the re-
ciprocal rise time of B* saturates at the same value of photon
flux that the population of excited state donors saturates. The
degree of curvature of this function is thus not determined by
the properties of the acceptor system; rather it is governed
solely by the donor species. The dependence is illustrated in
Fig. 2, which shows the variation in the reciprocal rise time
of B* as a function of photon flux for different values of the
cross section of A. For illustrative purposes, all parameters
other than  have been set to 1.
A fuller discussion of the validity of this model to the
SiOx :Er system is given in the Appendix. In contrast to our
formulation of the rate equations, we note briefly the alter-
native concept of invoking an effective excitation cross sec-
tion ef f.4,7,8,12 We could choose, as we have done in the
past,7 to rewrite Eq. 4 as
dB*
dt
= ef fB0 − B* −
B*
B
. 7
However, in comparing Eqs. 4 and 7, it is clear that
ef f is a function of the excited state population of donors
A*, which is in turn a function of the photon flux 	Eq. 2
.
This variation of ef f with  is unfortunate and tends to mask
the physics of the interaction. The strength of the coupling
between donors and acceptors depends only on gamma,
which is independent of photon flux second-order effects
notwithstanding, while the population of A* depends on the
A
A
*
B
B
*
h
FIG. 1. Schematic representa-
tion of two coupled two-level sys-
tems under optical excitation.
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absorption cross section of donors, donor lifetime, donor
concentration, and photon flux. We therefore consider
gamma to be a more robust figure of merit than ef f. More-
over, having units of cm3 s−1, it is directly comparable to
other interaction coefficients such as those describing ion-ion
interactions between erbium ions. Defining an effective ex-
citation cross section is misleading insofar as it appears to
separate  but without actually doing so.
III. EXPERIMENT
Samples of erbium-doped silicon-rich silica were depos-
ited by plasma enhanced chemical vapor deposition
PECVD. SiOx :Er layers with thicknesses of around 1 m
were deposited on Si 100 substrates. Silane SiH4 and ni-
trous oxide N2O were used as precursor gases—the former
being diluted to 5% in argon—and erbiumthd3 vapor with
argon as a carrier gas was used to achieve erbium doping
during the growth. After deposition, the samples were an-
nealed at 1100 °C in an argon ambient to precipitate and
grow Si nanoclusters. By comparison with material grown
under similar conditions, which has been studied using Ru-
therford backscattering spectroscopy and transmission elec-
tron microscopy, we estimate the concentrations of erbium
and silicon nanoclusters to be approximately 1018 and
1017 cm−3, respectively. Photoluminescence was excited us-
ing an Ar+ laser at a wavelength of 	exc=476 nm i.e., non-
resonant with Er absorption lines to ensure that Er photo-
luminescence was stimulated by excitation transfer from
sensitizers, analyzed with a Bentham M300 single grating
monochromator, and detected with an InGaAs photodiode.
To measure time-resolved erbium photoluminescence PL,
the laser was modulated with Pockels cell, and wave forms
were recorded with a digital oscilloscope. The time reso-
lution of the system was of the order of 50 s. Measure-
ments of Si-nc related PL at 800 nm were performed with a
near-IR-sensitive Hamamatsu photomultiplier, which allows
time-resolved measurements with a resolution limited by the
bandwidth of the preamplifier, about 5 s.
IV. COMPARISON OF THE MODEL WITH EXPERIMENT
Figure 3 shows a photoluminescence spectrum of the
sample, showing luminescence from silicon nanoclusters
around 800 nm and characteristic erbium emission at
1535 nm, as is typically expected.
However, when we try to compare the predictions of the
model with time-resolved PL results, it becomes clear that
the time dependence of the erbium photoluminescence is not
well described by the exponential form of Eq. 5. Figure 4
shows a typical rise curve for Er photoluminescence at
FIG. 2. The dependence of the reciprocal rise time of B* on
photon flux for a range of A cross sections 	from Eq. 6
. In this
case, the values of , A, A, and B have all been set to 1.
FIG. 3. Photoluminescence of PECVD-deposited sample show-
ing nanocluster emission at 800 nm and erbium emission around
1535 nm. The spectrum was excited using 476 nm light and has
been corrected for the system response.
FIG. 4. The rise of Er PL under step excitation, 	ex=476 nm.
The solid line is the best fit using a single exponential; the dotted
line is a stretched exponential fit.
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1535 nm under step excitation using a pump wavelength of
476 nm. The solid line, which represents the best fit using a
single exponential rise, is clearly inadequate. In fact, a much
better fit is obtained using a stretched exponential function,
as defined in Eq. 10 dotted line,
I = Iss1 − exp−  t
rB

 8
V. ANALYSIS AND REFINEMENT OF
THE BASIC MODEL
The stretched exponential decay function has been known
since the 19th century as the Kohlrausch law,15 which has
been found to fit a variety of relaxation processes. Signifi-
cantly, the decay of photoluminescence from silicon nano-
crystals can be successfully described by this function,16 and
not with a single exponential. Although it is widely used, the
physical model for the origin of the stretched exponential
function remains somewhat controversial. It is usually ex-
plained that this type of relaxation originates from exciton
migration between randomly distributed transport and trap-
ping centers,17,18 or from ensembles of recombination centers
that have different relaxation times.19 Both approaches lead
to a situation in which radiative recombination at different
groups of centers occurs with different relaxation times,
which means that the stretched exponential function can be
considered a superposition of single exponentials with a cer-
tain distribution of relaxation times. Therefore, its expansion
into an integral of single exponential functions with a con-
tinuous distribution of decay times is possible.20,21 Similar
reasoning applies to nonexponential rise times. It is impor-
tant to note that stretched exponential functions of various
values of 
 give different continuous distributions of single
exponential terms, but an arbitrary superposition of given
single exponentials does not necessarily build up into a
stretched exponential. Nevertheless, it is possible, at least in
principle, to obtain the distribution of time constants present
in the system from the stretched exponential function.
Figure 5 presents the reciprocal rise time, obtained from
stretched exponential fits to our data, as a function of exci-
tation photon flux. Seemingly, as predicted by our model,
this is nonlinear in photon flux. The solid line is a result of
fitting using Eq. 6, which gives a value for A of
4.4±2.210−19 cm2 s. We are also able to obtain the steady
state photoluminescence intensity shown in Fig. 6. The solid
line is a fit using the preexponential term in Eq. 5. How-
ever, the apparently “good” fits are deceptive.
If the data observed are really the consequence of Eqs. 5
and 6, the reciprocal rise time of the erbium luminescence
should saturate at the same photon fluxes as the nanocluster
luminescence intensity saturates. However, over the range of
photon fluxes studied, the characteristic PL from the silicon
nanoclusters shows a simple linear increase with photon flux.
Moreover, the A value obtained from fitting to Fig. 5 is
unfeasibly large: for a cluster cross section in the region of
10−15–10−16 cm2, as is commonly used in the literature,22 we
would obtain a lifetime of the order of 0.1–1 ms. Measure-
ments of the nanocluster PL lifetime in our sample showed it
instead to be of the order of our system resolution
5–10 s, which would imply a cross section around
10−13 cm2—such a cross section is simply too high to be
plausible. As an aside, it should be noted that there is con-
siderable variation in the luminescence lifetimes of silicon
nanoclusters reported in the literature. Nanocluster lifetimes
tend to be growth dependent and vary strongly with the de-
gree of crystallinity of the clusters, their size, mean separa-
tion, the nature of the matrix surrounding them, and the pres-
ence of nonradiative deexcitation pathways.23 For example,
Cho et al. demonstrated lifetimes between 2 and 60 s for
3.4 nm diameter clusters,24 and implanted material can show
lifetimes between 5 and 30 s.25 In contrast, longer life-
times have been reported in the region of 50–100 s,26 and
even as long as 500 s for noninteracting nanoclusters.27
Clearly, an interpretation of the stretched exponential rise
time data requires considerable care. Defining the stretched
FIG. 5. Rise rate of erbium photoluminescence as a function of
excitation photon flux. Values are extracted from a stretched expo-
nential fit to PL wave forms. Circled points are those values of
photon flux for which distributions of time constants have been
obtained using Eq. 11 and displayed in Fig. 8.
FIG. 6. Steady state intensity of erbium photoluminescence as a
function of excitation photon flux.
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exponential as the superposition of a number of separate
single exponential terms with a distribution ,  being the
time constant of any given rise, we find
Iss1 − exp−  t
rB

 = 
0

Iss1 − exp−  t

d ,
9
where rB is the observed effective rise time arising from the
distribution of  values. This is analogous to the more con-
ventionally studied system of a distribution of exponential
decays,
Aexp−  t
ef fective

 = 
0

Aexp−  t

d .
10
The distribution function  can be obtained by an inverse
Laplace transform of the stretched exponential. In the limit-
ing case of 
=1,  is a delta function corresponding to a
single exponential, and for a 
 of approximately 0.8, 
approximates a Gaussian distribution. For smaller values of

, the distribution function becomes progressively more
skewed toward large values of . Beta is thus a measure of
the shape of the distribution, although the significance of
ef fective is harder to quantify. While it is related to the mean
of the time constants, it is strictly neither the mean nor the
median: the former is not well defined for arbitrary distribu-
tion functions, and the latter is not useful for highly skewed
distributions with very long tails. A fuller discussion of its
significance can be found in Refs. 20 and 21.
A numerical approach to obtaining , which can be
usefully applied to luminescence data, is that adopted by
Delerue et al.28 The observed PL decay can be treated as a
discrete sum of exponential terms weighted by a distribution
of time constants,
It = 
1
i 1
i
Ai exp− t
i
 . 11
Determining the distribution of the constants Ai over i allows
us to obtain an approximation to . A similar approach can
be taken to rise time data. We have performed such an analy-
sis of our time-resolved PL data. We chose 80 values of 
ranging between 0.01 and 18 ms and fitted the stretched ex-
ponential data obtained from our experimental results using a
Levenberg-Marquardt fitting algorithm. We initially con-
firmed the accuracy of this method by performing fits on
analytically generated known distributions of single and mul-
tiple exponential data.
Figure 7 shows a plot of the values of beta obtained from
fitting a series of erbium PL rise time and decay time data for
the sample studied in Figs. 5 and 6 under varying photon
fluxes. It is immediately clear that beta for the rise time data
varies from approximately 0.75 at low pump fluxes to 0.6 at
higher values. Similarly, the decay time data are also charac-
terized by a stretched exponential with a varying beta. How-
ever, in this case, the values of beta are higher, and the varia-
tion with photon flux is smaller.
Figure 8 shows the result of fitting the rise time data sum-
marized in Figs. 5 and 7 with a sum of single exponentials.
Of particular note is the change in shape of the distribution
function with photon flux: at low fluxes, the distribution is
almost Gaussian, while at high fluxes, a long tail toward long
time constants is apparent, implying that increasing pump
photon flux produces slow components in the rise time—this
is not predicted by the basic model presented in Eq. 6. Of
further note is the difference between the peak values of the
distributions and the rise times obtained from the stretched
exponential fits shown in Fig. 6. This clearly demonstrates
FIG. 7. The variation of the stretched exponential fitting param-
eter, 
, with 476 nm pump photon flux for Er PL rise solid points
and decay open squares data from the sample studied in Figs. 6
and 7. The lines are guides for the eye.
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FIG. 8. The distribution of time constants obtained by fitting the
rise time stretched exponential data with a set of discrete single
exponential functions. Note that all distributions have been normal-
ized to their respective maxima. Each curve represents a different
pump photon flux labeled in the text box.
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that the fitting parameter  cannot be regarded simply as a
mean time constant and illustrates the danger in focusing on
changes in  without considering corresponding changes in
the distribution/weighting of the constituent time constants.
Figure 9 shows corresponding fits to the Er luminescence
decay curves—in this case, for clarity, only the highest and
lowest pump flux data are shown 9.161018 and 3.33
1017 cm−2 s−1, respectively. The high flux curve is clearly
shifted to short time constants, and the distribution broad-
ened. Note that, here, there is no increase observed in slow
components with increasing photon flux.
The differences between the Er PL rise and decay behav-
iors deserve some explanation. To a good approximation, the
decay curves are a result of processes that affect only the
acceptors erbium ions—i.e., radiative and nonradiative de-
cays, along with some contributions from ion-ion interac-
tions. The rise time curves, on the other hand, probe proper-
ties of both donors and acceptors, as they contain
information on the saturation behavior of the donors silicon
nanoclusters, the transfer mechanism, and the luminescence
properties of the acceptors. We surmise that the distribution
of time constants seen in the rise time data is the result of a
combination of variations in coupling constants and the in-
herent distribution of time constants in the luminescence of
the silicon nanoclusters. Photoluminescence from silicon
nanoclusters typically exhibit stretched exponential decays
with beta values around 0.7–0.8, a behavior variously as-
cribed to nonzero size distributions, to the migration of ex-
citation, and, more recently by Delerue, to the indirect band
gap of the silicon nanoclusters.
Looking at the luminescence decay data, we note that the
effect of increasing the photon flux is somewhat different
from that seen for the rise time data. The predominant effect
is a significant increase in the contribution of short time con-
stants. Two possible interpretations present themselves: co-
operative upconversion or backtransfer to the silicon nano-
clusters. We also point to other recent literature data for
luminescence decays in a similar material in which varia-
tions in beta were attributed to a scatter in the spacing of
erbium ions from silicon nanoclusters.29 On the basis of the
PL data presented here, we cannot yet determine which effect
is most important—suffice it to say that the decay curves are
characterized by a distribution of time constants that changes
with photon flux in a different way to the rise time data.
Turning to the results presented in Figs. 5 and 6 to explain
the saturation of the reciprocal PL rise time at such low
values of photon flux, we first consider the concentrations of
erbium ions and silicon nanoclusters in our sample. These
are approximately 1018 and 1017 cm−3, respectively, from
which we can estimate the mean Er-Er and nc-nc separations
to be approximately 10 and 21 nm, respectively. Assuming a
critical interaction distance of 1 nm,30 it is a relatively simple
matter to determine from geometrical considerations that
only around 1–4% of erbium ions would be sufficiently close
to silicon nanoclusters to experience a sensitization effect.
Moreover, each silicon nanocluster coupled to erbium should
see just one erbium ion within the interaction volume.
Next, we consider the interpretation of the coupling con-
stant . Our material contains a range of donor-acceptor
separations and a range of donor nanocluster sizes. We can
assume that  exhibits a strong dependence on both. Without
specifying either a Coulombic or exchange interaction, we
note that the probability of excitation transfer can vary as r−n
for the former and e−r for the latter. Even for those ions
within the critical interaction range, there will therefore be a
strong distance dependence of the interaction. Moreover, a
Coulombic interaction between an exciton and an erbium ion
will depend on the dipole moment of the exciton, which will
in turn depend on the diameter of the silicon nanocluster.
From the physical interpretation of Eq. 13, we can con-
sider that our sample contains a distribution of D-A donor-
acceptor pairs with a range of interaction constants. De-
scribing the interaction constant of the ith class of the D-A
pairs as i, there will be a corresponding number of D-A
pairs in this class, defined by the concentrations A0i and B0i,
such that
A0 = 
i
A0i 12
and
B0 = 
i
B0i. 13
It is now clear to see that Eq. 5 should be modified into a
sum over all classes i,
B* = 
i
 iBA0iB0iA
iBA0iA + A + 1
1 − exp− i AA0i
A + 1
+
1
B
t . 14
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FIG. 9. Distribution functions obtained from fitting Er lumines-
cence decays with a set of discrete single exponentials. The curves
have been normalized to their respective maxima. The pump photon
fluxes for the two curves are given in the text box.
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The contribution of a given coupling coefficient, i, is
weighted by the numbers of D-A pairs in that class. As we
excite the erbium ions via the silicon nanoclusters, the ex-
cited state populations of erbium ions with different coupling
constants will saturate at different photon fluxes: Ions with
large  will saturate at low fluxes, and those with a small 
will saturate at high fluxes. The observed effective rise time
of erbium PL at a given peak photon flux will be a combi-
nation of the rise times of all of the different classes of er-
bium ions—some of which will saturate rapidly and some
more slowly. As the photon flux increases, the ratio of small-
 ions to large- ions will increase, and hence the distribu-
tion of time constants within the rising wave form will
change. Significantly, the contribution of long time constants
will increase with increasing flux, which is consistent with
the data presented in Fig. 8. The situation we describe is
different from that reported elsewhere in the literature12 in
that each silicon nanocluster that acts as a sensitizer interacts
only with one erbium ion. We do not therefore postulate
sequential excitation of erbium ions at successively greater
distances by a single nanocluster.
As an indication of the potential usefulness of our formu-
lation, from the form of Eq. 14, we can obtain an estimate
concerning the strength of the coupling constant i. We note
that the rise time of each component is given by
1
ri
= iAA0i
A + 1
+
1
B
 . 15
In order to observe a stretched or multiexponential behav-
ior in the PL response, we would need to have, for at least
one class i with  otherwise, the overall PL behavior would
manifest itself as a single exponential with time constant B,
iAA0i
A + 1

1
B
. 16
Now, as was pointed out earlier, A1 for the photon
fluxes used in our measurements. In fact, A10−3
assuming =10−16 cm2, =51018 cm−2 s−1, and A=2
10−6 s, and Eq. 16 thus reduces to
i 
103
A0iB
. 17
With B10 ms and A0i1017 cm−3, we arrive at the useful
conclusion that the coupling strength  between the Si nc
and its nearest Er is comparable to or greater than
10−12cm3 s−1.
To illustrate the rise time saturation effect directly, we
have conducted simulations by modeling a simplified system
containing just two classes of erbium ions: class 1 “near”,
which has a  of 10−12 cm3 s−1, and class 2 “far” with a 
of 10−13 cm3 s−1. From geometrical considerations, there will
be more erbium ions at larger separations than at smaller
distances from silicon nanoclusters, so we have assumed that
the population of far ions is five times that of near ions, and
we have calculated the effective rise time of the Er PL as
obtained from a fit considering the contributions of both
populations. The results are shown in Fig. 10 and are com-
pared to our experimental data. We find that the rise rate as a
function of photon flux is a straight line in both cases for the
individual components—as would be expected from Eq.
5—but the combination of the two together is nonlinear,
which is what we would expect from Eq. 14. This arises
because at low fluxes the contributions of both classes of
ions are equally important, but at high fluxes the far compo-
nent dominates because the emission from the near ions is
saturated. The agreement of the model with experimental
results is very good, particularly considering that only two
populations of erbium ions have been assumed. In practice,
we should assume a weighted quasicontinuous distribution of
 values. However, Fig. 10 is a good qualitative illustration
of the principle.
We compare the model presented here with the previous
model reported by Pacifici et al. in Ref. 8. While that model
also applied a rate-equation analysis to the Si nanocrystal-Er
material system, it used the same coupling constant for all of
the Si nanocrystals interacting with Er, thereby implicitly
assuming that each Si nanocrystal is separated from Er by
the same distance. Our current work shows that this is too
broad an approximation to account for a range of useful ma-
terial characteristics. Another, and perhaps more important,
difference worth noting is that much of the model in Ref. 8
was devoted to fitting the behavior in material that had
a high concentration of Er 6.51020 cm−3. At such
concentrations, Er becomes clustered, and Er cooperative
upconversion—an energy loss interaction that serves no use-
ful purpose and needs to be eliminated for viable device
applications—became a significant factor and fitting param-
eter that tended to mask quite a bit of the underlying physics.
In contrast, we have deliberately chosen to investigate the
behavior of the material with much lower by 2 orders of
magnitude Er concentration, so that cooperative upconver-
sion is not a complicating factor. This allowed us to focus on
the more fundamental material interactions, leading us to the
model presented here.
We should point out that the analysis we have performed
has been applied only to the erbium photoluminescence.
However, a similar examination of the dynamics of the sili-
FIG. 10. Simulation of effective rise rate of Er PL from the sum
of contributions from ions close to silicon nanoclusters blue and
far from nanoclusters green.
GENERALIZED RATE-EQUATION ANALYSIS OF… PHYSICAL REVIEW B 77, 035318 2008
035318-7
con nanocluster luminescence may also reveal important in-
formation on the luminescence mechanism responsible for
the 800 nm emission. A pressing question is whether this PL
originates from excitonic recombination within clusters, or if
it arises from luminescent centers at the cluster/silica inter-
face. We may expect these two mechanisms to produce very
different distributions of time constants in the dynamics of
the Si nanocluster PL. It is already known that the lumines-
cence decay from nanoclusters exhibits a stretched exponen-
tial form, but to our knowledge there has been no detailed
investigation of the rise time dynamics of this PL, which
may prove a fruitful area for study. Nevertheless, this falls
outside the scope of the work reported here and will be the
subject of future investigations.
Finally, we should add a comment on excited state ab-
sorption ESA. In a previous work, we have shown that
ESA is a potentially significant effect that enables erbium
ions closest to silicon nanoclusters to be repeatedly excited
from the metastable state to higher-lying states,11 effectively
“shielding” the Er ions further away from excitation. The
excitation from the metastable to the higher-lying states rep-
resents a straight loss mechanism. Moreover, our previous
work has suggested that a comparison of the pump photon
flux behavior of the nanocluster PL and that from Er can give
important information on the presence of ESA; in the ab-
sence of ESA, when the Er PL saturates the Si nanocluster
PL should increase rather abruptly due to the removal of a
nonradiative pathway. However, when ESA is present, such
an increase will not be seen, as excited Er ions can still
continue to accept energy from the nanoclusters.31 We note
that our results in this work also show that the nanocluster
PL does not increase abruptly when the erbium PL saturates,
implying ESA, which will decrease the overall quantum ef-
ficiency of the erbium luminescence.
VI. CONCLUSIONS
We have presented a rate-equation-based model and its
generalization to include variations in coupling constants to
describe the sensitization of acceptor luminescence by inter-
action with a donor species. We have shown how this makes
important predictions about the temporal behavior of lumi-
nescence from the acceptors. In applying this model to the
silicon nanocluster/erbium system, we have demonstrated
that erbium luminescence kinetics are characterized by a
pump flux-dependent distribution of time constants that is
likely to arise from a combination of a distribution of cou-
pling coefficients and nonexponential behavior of silicon
nanocluster luminescence. The former is likely to arise from
the strong distance dependence of the nanocluster-erbium in-
teraction. Furthermore, we have shown that erbium photolu-
minescence from this material is limited by the low number
of erbium ions coupled to silicon nanoclusters, which is a
result of the low density of nanoclusters and the short inter-
action distance. This shortage of sensitization centers results
in a low fraction of sensitized erbium ions. We point out that
we have not had to invoke effective cross sections or inter-
action coefficients that vary with photon flux in order to get
a good agreement with our experimental observations.
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APPENDIX: THE SiOx :Er SYSTEM
The basic model developed in Sec. II allows us to under-
stand the general features of a coupled system—the different
saturation behavior of the donor and acceptor species, and
the nonlinear behavior of the acceptor population reciprocal
rise time, for example. However, we may examine whether
the assumptions that we have made are applicable to the
SiOx :Er system: specifically, whether we are justified in
treating the two species as two-level systems.
Figure 11 shows a schematic view of the sensitization
mechanism. Absorption of a photon promotes an electron
from the valence band of the nanocluster to a high-lying state
within the conduction band. This electron then rapidly re-
laxes to the bottom of the conduction band. If any of the
states through which it decays are resonant with energy lev-
els in a nearby erbium ion, the electron can transfer its en-
ergy, recombining with a hole in the process. Alternatively,
localization of the free carrier at a SivO state at the surface
of the nanocluster can occur, from which recombination may
also result in excitation of a nearby erbium ion. Such exci-
VB
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I15/2
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I13/2
4
I9/2
Interface state
1.5m PL
FIG. 11. Schematic diagram of
the sensitization of an erbium ion
by a silicon nanocluster. A full de-
scription is given in the text.
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tation exchange, by either means, promotes the nearby er-
bium ion to a high-lying excited state resonant with the en-
ergy of the excited electron in the nanocluster, as has been
presented by Watanabe et al.32 Following this initial excita-
tion step, the excited state Er ion relaxes nonradiatively to
the 4I13/2 level from which radiative decay can occur. This
nonradiative relaxation is multistep, taking the form of a se-
quential cascade through the energy levels between the initial
level and the 4I13/2 level. Most of these steps are very rapid
nanoseconds, but the rate-limiting step is the transition be-
tween the 4I11/2 and
4I13/2 levels, which has a time constant of
2 s. This time, which has been measured for the SiOx :Er
system by several groups,33,34 is often referred to as the
transfer time, but it is more accurately considered the time
for the overall process of excitation, transfer, and sequential
relaxation to the 4I15/2 level. The real time taken for the
transfer of excitation from nanocluster to erbium ion will be
very much shorter.
For the purposes of simplification, we assume that the
time taken for a photogenerated carrier to thermalize within
the silicon nanocluster to a level from which it interacts with
the erbium ion is short enough in comparison to the lifetime
of the erbium photoluminescence to be ignored. This ther-
malization is likely to occur on time scales of the order of
picosecond or nanosecond, and we thus treat the silicon
nanocluster as a two-level system. Similarly, we further as-
sume that the erbium ion is excited to an unspecified high-
lying excited state, from which the time taken for the excited
electron to relax to the 4I11/2 level is much shorter than the
lifetime of the 4I11/2 to
4I13/2 transition. As this lifetime is
itself very much shorter than that of the 4I13/2 level by 3
orders of magnitude, we are therefore able to treat the
erbium ion as a quasi-two-level system.
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